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Today

The two sample model

The two sample t-test and CI

When sampling isn’t random



Two sample sampling model

Every member has 
one number 
associated with it, 
but we have two 
populations

distribution of bookstore prices for 
all OSU booksdistribution of Amazon prices for all 

OSU books

In this example 
textbooks appear in 
both populations, but 
in general they won’t

(you should be 
pairing if they do!)

distribution of Amazon 
price for our sample 
from population 1

distribution of bookstore 
price for our sample  

from population 2

chem 101 jane eyre intro bio physics 101 adv calc

Amazon price: $89
 Amazon price: $7
 Amazon price: $101
 Bookstore price: $89
 Bookstore price: $32
 Bookstore price: $104


intro bioTwo 
Samples

picked at random

Two Populations



Two sample inference

In the two sample model our 
questions are about the parameters 
of two populations. 

We want to use our two samples to 
make inferences about the two 
populations, usually the difference in 
their means.



Paired case 
one sample of differences

Two sample case 

the population distribution of differences

with unknown mean, μ


and standard deviation σ

µ

�
one population

use sample to make inferences 
about the mean difference, μ

use samples to make inferences about 
the difference in means, μ2 - μ1

sample differences,

with sample average, X
̅

and sample standard deviation, s 

one random sample

X

s
of size n

two random samples

sample 1,

with sample average, Y̅1


and sample standard 
deviation, s1 

sample 2,

with sample average, Y̅2


and sample standard 
deviation, s2 

Y 1 Y 2

s1 s2

of size n1 of size n2

µ1 µ2
population 1


with unknown mean, μ1

and standard deviation σ1

population 2

with unknown mean, μ2


and standard deviation σ2

two populations
�1 �2



Your turn

In a one-sample case, we started by 
looking at the sampling distribution 
of the sample average.

What would be a good one number 
summary for the two-sample 
problem?



256 CHAPTER 5. INFERENCE FOR NUMERICAL DATA

5.29 Chicken diet and weight, Part I. Chicken farming is a multi-billion dollar industry,
and any methods that increase the growth rate of young chicks can reduce consumer costs while
increasing company profits, possibly by millions of dollars. An experiment was conducted to
measure and compare the e↵ectiveness of various feed supplements on the growth rate of chickens.
Newly hatched chicks were randomly allocated into six groups, and each group was given a di↵erent
feed supplement. Below are some summary statistics from this data set along with box plots
showing the distribution of weights by feed type.44
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Mean SD n
casein 323.58 64.43 12
horsebean 160.20 38.63 10
linseed 218.75 52.24 12
meatmeal 276.91 64.90 11
soybean 246.43 54.13 14
sunflower 328.92 48.84 12

(a) Describe the distributions of weights of chickens that were fed linseed and horsebean.

(b) Do these data provide strong evidence that the average weights of chickens that were fed
linseed and horsebean are di↵erent? Use a 5% significance level.

(c) What type of error might we have committed? Explain.

(d) Would your conclusion change if we used ↵ = 0.01?

5.30 Fuel e�ciency of manual and automatic cars, Part I. Each year the US Environ-
mental Protection Agency (EPA) releases fuel economy data on cars manufactured in that year.
Below are summary statistics on fuel e�ciency (in miles/gallon) from random samples of cars with
manual and automatic transmissions manufactured in 2012. Do these data provide strong evidence
of a di↵erence between the average fuel e�ciency of cars with manual and automatic transmissions
in terms of their average city mileage? Assume that conditions for inference are satisfied.45

City MPG
Automatic Manual

Mean 16.12 19.85
SD 3.58 4.51
n 26 26

City MPG

automatic manual

15

25

35

5.31 Chicken diet and weight, Part II. Casein is a common weight gain supplement for
humans. Does it have an e↵ect on chickens? Using data provided in Exercise 5.29, test the
hypothesis that the average weight of chickens that were fed casein is di↵erent than the average
weight of chickens that were fed soybean. If your hypothesis test yields a statistically significant
result, discuss whether or not the higher average weight of chickens can be attributed to the casein
diet. Assume that conditions for inference are satisfied.

44Chicken Weights by Feed Type, from the datasets package in R.
45U.S. Department of Energy, Fuel Economy Data, 2012 Datafile.

from OpenIntro

difference in sample averages 
= 3.73



Facts about the sampling distribution for the 
difference in two sample averages

The sampling distribution of Y̅2 - Y̅1:

will have the mean 

have standard deviation


and it’s shape will be closer to a Normal 
distribution than the population distributions

(how close depends on the sample size and 
how close the population distributions were to 
Normal).

1
2

3

µ2 � µ1

assuming the samples are independent

s
�2
1

n1
+

�2
2

n2



Use            to make inferences about         

Assume that both groups have 
Normal population distributions 
with the same standard deviation.




Same idea as one-sample	
If the populations are Normal,

the sampling distribution of the difference in 
sample averages is Normal, 

but depends on the unknown population 
standard deviation.

If instead we look at the two-sample t-ratio, 

then it’s sampling distribution doesn’t 
depend on the unknown population standard 
deviation.



The two sample t-ratio

The two-sample t-ratio:

can be described by a Student's 

t-distribution with n1 + n2 - 2 degrees 

of freedom

Fact:

If the populations are Normal, 

and have the same standard deviation




The two sample t-ratio

The two-sample t-ratio:

can be described by a Student's 

t-distribution with n1 + n2 - 2 degrees 

of freedom

Fact:

If the populations are Normal, 

and have the same standard deviation




The two-sample t-ratio:

can be described by a Student's 

t-distribution with n1 + n2 - 2 degrees 

of freedom
Leads to:
95% CIs

Y1 � Y2 ± tn1+n2�2(0.975)⇥ SEY1�Y2

And tests
Null Hypothesis: The population means are equal μ1 = μ2

Alternative hypothesis: The population means are not equal μ1 = μ2

t-statistic =
Y1 � Y2

SEY1�Y2

Compare the two sample to a t-distribution with n1 + n2 - 2 d.f. 



What is Se(Y_2 - ?
An estimate of the standard deviation of the 
sampling distribution of 

With our assumption that the populations have 
the same standard deviation,                         


Then the standard deviation of the sampling 
distribution of  

is 

 

We need to estimate σ 

�1 = �2 = �



Pooled standard deviation
We have two samples each with their own 
standard deviation, s1 and s2. 

Our assumption tells us these should each 
by estimating σ. 

We need to combine them to get a pooled 
sample standard deviation.


Use to estimate σ 



What is Se(Y_2 - ?

Our estimate of the standard deviation 
of the sampling distribution of  Y̅2 - Y̅1 


is


SEY2�Y1
=
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5.31 Chicken diet and weight, Part II. Casein is a common weight gain supplement for
humans. Does it have an e↵ect on chickens? Using data provided in Exercise 5.29, test the
hypothesis that the average weight of chickens that were fed casein is di↵erent than the average
weight of chickens that were fed soybean. If your hypothesis test yields a statistically significant
result, discuss whether or not the higher average weight of chickens can be attributed to the casein
diet. Assume that conditions for inference are satisfied.

44Chicken Weights by Feed Type, from the datasets package in R.
45U.S. Department of Energy, Fuel Economy Data, 2012 Datafile.

Your turn:

Find the standard error on 
the difference in sample 
averages

from OpenIntro

SEY2�Y1
=



Two sample t-test in R
> t.test(city_mpg ~ trans, data = mpg_sample,  
         var.equal = TRUE) 

 Two Sample t-test 

data:  city_mpg by trans 
t = -2.7278, df = 50, p-value = 0.008774 
alternative hypothesis: true difference in means  
   is not equal to 0 
95 percent confidence interval: 
 -5.2757919 -0.8011311 
sample estimates: 
  mean in group auto mean in group manual  
            17.38462             20.42308  

2*(1 - pt(2.7278, 50))



Statistical Summary
There is convincing evidence that the mean fuel efficiency 
of automatic cars manufactured in 2012 is not equal to 
the mean fuel efficiency of manual cars manufactured in 
2012 (two sample t-test, two-sided p-value = 0.009). 

The mean fuel efficiency of automatic cars manufactured 
in 2012 is estimated to be 3.0 mpg lower than the mean 
fuel efficiency of manual cars manufactured in 2012.

 With 95% confidence the mean fuel efficiency of 
automatic cars is between 0.8 and 5.3 mpg lower than the 
population mean fuel efficiency of manual cars 
manufactured in 2012.



t-tools summary 
The t-tools are motivated by the random sampling 
models (paired or two sample).

Which t-tool is appropriate (paired or two sample) 
depends on the design of the study.

The sampling distributions of the t-ratios are known 
exactly if you also assume Normal populations (and 
in the two sample case, equal population standard 
deviations).

Our conclusions are about the parameters of the 
populations (mean difference or difference in means).

so far



What if you don’t have random samples?

Often people proceed with the t-tools anyway.

The conclusions rely on an additional assumption, 

“our data is just like a random sample from a 
population of interest”

This assumption is always suspect, and any 
deviations can lead to significant bias and 
misleading conclusions.

Arguments for why your “not random” sample is 
just like a random sample cannot be backed up 
statistically. 

There is one situation where the t-tools can be used

without random sampling, but they become an approximation

this is where we are heading this week....



Some interesting reading about 
non-random samples:
http://www.stat.berkeley.edu/~census/berk2.pdf

2 R. A. Berk and D. A. Freedman

turn out to be making, explicitly or implicitly, quite restrictive behavioral assump-
tions about their data collection process. By using apparently familiar arithmetic,
they have made substantial empirical commitments; the research enterprise may be
distorted by statistical technique, not helped. At least, that is our thesis, which we
will develop in the pages that follow.

Random sampling is hardly universal in contemporary studies of punishment
and social control. More typically, perhaps, the data in hand are simply the data
most readily available (e.g., Gross and Mauro, 1989; MacKenzie, 1991; Nagin and
Paternoster, 1993; Berk and Campbell, 1993; Phillips and Grattet, 2000; White
2000). For instance, information on the use of prison “good time” may come from
one prison in a certain state. Records on police use of force may be available only
for encounters in which a suspect requires medical attention. Prosecutors’ charging
decisions may be documented only after the resolution of a law suit.

“Convenience samples” of this sort are not random samples. Still, researchers
may quite properly be worried about replicability. The generic concern is the same
as for random sampling: if the study were repeated, the results would be different.
What, then, can be said about the results obtained? For example, if the study of
police use of force were repeated, it is almost certain that the sample statistics would
change. What can be concluded, therefore, from the statistics?

These questions are natural, but may be answerable only in certain contexts.
The moment that conventional statistical inferences are made from convenience
samples, substantive assumptions are made about how the social world operates.
Conventional statistical inferences (e.g., formulas for the standard error of the mean,
t-tests, etc.) depend on the assumption of random sampling. This is not a matter
of debate or opinion; it is a matter of mathematical necessity.3 When applied to
convenience samples, the random sampling assumption is not a mere technicality
or a minor revision on the periphery; the assumption becomes an integral part of the
theory.

In the pages ahead, we will try to show how statistical and empirical concerns
interact. The basic question will be this: what kinds of social processes are assumed
by the application of conventional statistical techniques to convenience samples?
Our answer will be that the assumptions are quite unrealistic. If so, probability
calculations that depend on the assumptions must be viewed as unrealistic too.4

drawn. At the risk of the obvious, inferences to imaginary populations are also imaginary.
3Of course, somewhat weaker assumptions may be sufficient for some purposes. However, as we

discuss below, the outlines of the problem stay the same.
4We use the term “parameter” for a characteristic of the population. A “sample statistic” or “estimate”

is computed from the sample to estimate the value of a parameter. As indicated above, we use “random
sampling” to mean sampling with replacement from a finite population: each unit in the population is
selected independently (with replacement) and with the same probability of selection. Sampling without
replacement (i.e., simple random sampling) may be more familiar. In many practical situations, sampling
without replacement is very close to sampling with replacement. Stratified cluster samples are often more
cost-effective than purely random samples, but estimates and standard errors then need to be computed
taking the sample design into account. Convenience samples are often treated as if they were random

http://www.stat.berkeley.edu/~census/berk2.pdf

