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Quiz #4

This weekend, don’t forget.
Usual format...



Assumptions

Dlsplay 7.5 p. 180

Th 1deal normal, simple linear regression model)
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Assumptions

1. Normal subpopulation distribution of
response at each value of explanatory.

2. The means of the subpopulations fall
on a straight line function of the
explanatory variable.

3. The subpopulations have the same
standard deviation, o. (constant spread)

4. Observations are independent.



Is linear regression appropriate?
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Put a hat on It!

In statistics it is common to distinguish the
parameter from it's estimate by putting a hat

on it.
f&o IS the estimate of the intercept
[AB1 IS the estimate of the slope

U{Y|X} is the estimate of the mean response
as a function of the explanatory variable.



Fitted values

Once we have estimated the slope and intercept, our
estimate of the mean function is the line defined by
these estimates,

({YIX} = Bo+ B1X

The fitted value describes the estimated mean for an
observation. For the it" observation the fitted value is,

fittedi = p{Yi|Xi} = éo " é1Xi



Residuals

The residual is the difference
between the observed response and
it's fitted value

residuali = Y; - fittedi = Yi - (Bo + B1Xi)
This is the same definition we used in the ANOVA. The fitted

value in the ANOVA case, is the group average in the full
model, and overall average in the equal means model.



Your turn

Label the fitted value for the observed nebula with a velocity of 650 km/sec and distance of
0.9 parsecs.
Draw in the residual for the same observation.

Distance

400
Velocity

Big Bang Case Study



Your turn

Calculate the fitted value, and
residual for the same observation.

(velocity = 650 km/sec, distance = 0.9 parsecs)

Bo=0.399 [31=0.0014



Least squares

the line that gives the least possible sum of squared residuals

One approach to estimating the
Intercept and slope, Is to choose the
intercept and slope that minimizes the
sum of the squared residuals.

It turns out this method is "optimal” in a
statistical sense under our assumptions.

Of all linear unbiased estimates the least
sguares estimates have the lowest variance.



Least squares estimates

The least squares estimates can be
found using calculus. They are:

S (Xi = X)(Y; - )
Z?:l(Xz’ o X)2

Bo=Y — /1 X

Br =

X and Y are the sample averages of the
explanatory and response variables



In R

> Im(Distance ~ Velocity, data = case0701)

Call:
Im(formula = Distance ~ Velocity, data =
cased’/01)

Coefficients:
(Intercept) Velocity
0.399098 0.001373

o B



It's also easy to get residuals and fitted values in
R

> fit <- 1lm(Distance ~ Velocity, data
> residuals(fit)
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Need to estimate o

Remember o is the standard deviation of the

subpopulation at each value of the explanatory
variable (a parameter). It measures the variation

of the response around it’s mean.

The residuals provide an estimate of this

variation,

5 Sum of squared residuals
B Degrees of freedom




Degrees of freedom

General rule

Degrees of freedom associated with a
set of residuals is the number of
observations minus the number of
parameters for the mean.

In simple linear regression:

J{YIX} = Bo+ BiX

Two parameters

Degrees of freedom =n - 2



Need to estimate o

Remember o is the standard deviation of
the subpopulation at each value of the
explanatory variable.

The residuals provide a measure of this
variation,

. [Sum of squared residuals
7= Degrees of freedom

. \/ Sum of squared residuals
g =
n — 2



> sum_sqg_residuals <- sum(residuals(fit)*2)
> df <- length(residuals(fit)) - 2

> df
[1] 22

> sgrt(sum_sqg_residuals/df)
[1] ©0.4049588

C)F} > summary(fit)

Call:
Im(formula = Distance ~ Velocity, data = case@701)

Residuals:
Min 1Q Median 30 Max
-0.7632 -0.2352 -0.0088 0.2072 0.9144

Coefficients:

Estimate Std. Error t value Pr(>|t])
(Intercept) 0.3990982 0.1184697 3.369 0.00277 *x*
Velocity 0.0013729 0.0002274 6.036 4.48e-06 *x*x

Signif. codes: 0@ ‘x*x’ 0.001 ‘x*x’ 0.01 ‘%’ .05 ‘.’ @.1 ¢ ’ 1

Residual standard error: 0.405 on 22 degrees of freedom
Multiple R-squared: 0.6235, Adjusted R-squared: 0.6064
F-statistic: 36.44 on 1 and 22 DF, p-value: 4.477e-06



Standard errors

Plug in estimates into formula for standard deviations

df.=n-2




> summary(fit)

Call:
Im(formula = Distance ~ Velocity, data = case@701)
Residuals:

Min 1Q Median 30 Max

-0.7632 -0.2352 -0.0088 0.2072 0.9144

Coefficients:

Estimate Std. Error t value Pr(>|t])
(Intercept) 0.3990982 0.1184697 3.369 0.00277 *x*
Velocity 0.0013729 0.0002274 6.036 4.48e-06 **x

Signif. codes: 0@ ‘x*x’ 0.001 ‘x*x’ 0.01 ‘%’ .05 ‘.’ ©.1 ¢ ’ 1

Residual standard error: 0.405 on 22 degrees of freedom
Multiple R-squared: 0.6235, Adjusted R-squared: 0.6064
F-statistic: 36.44 on 1 and 22 DF, p-value: 4.477e-06



Your turn

We are less certain about our estimate of the
slope when we have a larger standard error.

1
SE; =6
b1 0\/(72, —1)s%

Will we be less or more certain about the slope for:

arger sample size, n?

arger subpopulation variation, o?
larger variation in observed explanatory values, s,?



Three types of inference

Inference on the slope or intercept
uncertainty comes from sampling error in a single parameter
Inference about the mean response
(at a given explanatory value)
uncertainty comes from sampling error in both parameters
Prediction of a new response
(at a given explanatory value)

uncertainty comes from sampling error in both parameters
and variability in subpopulations



